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Abstract
It is shown that the one-loop coefficients of on-shell operators of
standard supergravity with canonical gauge kinetic energy can be reg-
ulated by the introduction of Pauli-Villars chiral and abelian gauge
multiplets, subject to a condition on the matter representations of the
gauge group. Aspects of the anomaly structure of these theories under
global nonlinear symmetries and an anomalous gauge symmetry are
discussed.
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1 Introduction and preliminaries
It was shown in [1] that Pauli-Villars regulation of the one-loop quadratic
divergences of a general N = 1 supergravity theory is possible. This re-
sult was generalized [2] to the regularization of the one-loop logarithmic
divergences of globally supersymmetric theories, including nonlinear sigma
models, with canonical kinetic energy for Yang-Mills fields. It was further
assumed that the theory was free of gauge and mixed gravitational-gauge
anomalies. The purpose of the present paper is to generalize further these
results.
In section 2 we give a full PV regularization of a general supergravity the-
ory with canonical kinetic energy for the gauge fields and an anomaly-free
gauge group. In section 3 we consider anomalies under Ka¨hler transforma-
tions, and in section 4 we show how the regularization procedure must be
modified in the presence of an anomalous U(1) gauge group factor. Our re-
sults are summarized in section 5, and some calculational details, as well as
corrections to [3, 4], are given in appendices.
We conclude this section with a brief review of the formalism used to
evaluate the regularized Lagrangian. The one-loop effective action S1 is ob-
tained from the term quadratic in quantum fields when the Lagrangian is
expanded about an arbitrary background:
Lquad(Φ,Θ, c) = −1
2
ΦTZΦ
(
Dˆ2Φ +HΦ
)
Φ +
1
2
Θ¯ZΘ (i 6DΘ −MΘ) Θ
+
1
2
c¯Zc
(
Dˆ2c +Hc
)
c+O(ψ), (1.1)
where the column vectors Φ,Θ, c represent quantum bosons, fermions and
ghost fields, respectively, and ψ represents background fermions that we shall
set to zero throughout this paper. The fermion sector Θ includes a C-odd
Majorana auxiliary field α that is introduced to implement the gravitino
gauge fixing condition. The full gauge fixing procedure used here is described
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in detail in [3], [4]. The one loop bosonic action is given by
S1 =
i
2
Tr ln
(
Dˆ2Φ +HΦ
)
− i
2
Tr ln (−i 6DΘ +MΘ) + i
2
STr ln
(
Dˆ2c +Hc
)
=
i
2
STr ln
(
Dˆ2 +H
)
+ T−, (1.2)
where T− is the helicity-odd fermion contribution which contains no quadratic
divergences, and the helicity-even contribution is given by
Dˆ2Θ +HΘ ≡ (−i 6DΘ +MΘ) (i 6DΘ +MΘ) . (1.3)
The background field-dependent matrices H(φ) and Dˆµ(φ) = ∂µ +Γµ(φ) are
given in [3], [4], where the one-loop ultraviolet divergent contributions have
been evaluated.
We regulate the theory by including a contribution from Pauli-Villars
loops, regarded as a parameterization of the result of integrating out heavy
(e.g., Kaluza-Klein or string) modes of an underlying finite theory. The
signature η = ±1 of a PV field determines the sign of its contribution to the
supertrace relative to an ordinary particle of the same spin. Thus η = +1(−1)
for ordinary particles (ghosts). The contributions from Pauli-Villars fields
with negative signature could be interpreted as those of ghosts corresponding
to heavy fields of higher spin.
Explicitly evaluating (1.2) with an ultraviolet cut-off Λ and a massive
Pauli-Villars sector with a squared mass matrix of the form
M2PV = H
PV (φ) +
(
µ2 ν
ν† µ2
)
≡ HPV + µ2 + ν, |ν|2 ∼ µ2 ≫ HPV ∼ H,
gives, with H ′ = H +HPV :
32π2S1 = −
∫
d4xp2dp2STr ln
(
p2 + µ2 +H ′ + ν
)
+ 32π2 (S ′1 + T−)
= 32π2 (S ′1 + T−)−
∫
d4xp2dp2STr ln
(
p2 + µ2
)
−
∫
d4xp2dp2STr ln
[
1 +
(
p2 + µ2
)−1
(H ′ + ν)
]
. (1.4)
2
S ′1 is a logarithmically divergent contribution that involves the operator
Gˆµν = [Dˆµ, Dˆν ]:
32π2S ′1 =
1
12
∫
d4xp2dp2STr
1
(p2 + µ2)
G′µν
1
(p2 + µ2)
G′µν , G′µν = Gµν+G
PV
µν .
(1.5)
Finiteness of (1.4) when Λ→∞ requires
STrµ2n = STrH ′ = STr
(
2µ2H ′ + ν2
)
= STrνH ′
= STrH ′2 +
1
6
STrG′2 + 2t′− = 0, (1.6)
where t′− is the coefficient of lnΛ
2/32π2 in T−+T
PV
− . The vanishing of STrµ
2n
is automatically assured by supersymmetry. Once the remaining conditions
are satisfied we obtain
S1 = −
∫
d4x
64π2
STr
[(
2µ2H ′ + ν2 + STrH ′2 +
1
6
STrG′2 + 2t′−
)
lnµ2
]
. (1.7)
2 Anomaly-free supergravity
We consider here a supergravity theory in which the Yang-Mills fields
have canonical kinetic energy. We further assume that there are no gauge or
mixed gauge-gravitational anomalies: TrT a = Tr({Ta, Tb}Tc) = 0, where Ta
is a generator of the gauge group.
To regulate chiral multiplet loops, we introduce Pauli-Villars chiral su-
permultiplets ZIα, that transform under gauge transformations like Z
I , Y αI ,
that transform according to the conjugate representation, and gauge singlets
Y 0, Z0. Additional charged fields XAβ and U
β
A transform according to the rep-
resentation RaA and its conjugate, respectively, under the gauge group factor
Ga, and V Aβ transforms according to a (pseudo)real representation that is
traceless and anomaly-free. Their gauge couplings satisfy
∑
β,A
ηAβ C
a
A =
∑
i
Cai ≡ CaM , (2.1)
3
where
Tr
(
T aT b
)
R
= δabC
a
R (2.2)
for particles transforming according to the representation R (or R¯), and
the subscripts i, A, refer to the light fields and to X,U, V, respectively. For
example, if the theory has 2Nf fundamental representations of Ga, (as in
supersymmetric extensions of the Standard Model) we can take PV fields in
the fundamental and anti-fundamental representations with signatures that
satisfy
∑
β η
f
β = Nf . If there are 2Nf + 1 fundamental representations, one
needs an anomaly-free (pseudo)real representation r for some V A such that
Car = (2m + 1)C
a
f . If no such representation exists, the theory cannot be
regulated in this way.
To regulate gravity loops we introduce additional gauge singlets φγ, as
well as U(1) gauge supermultiplets W α with signature ηα and chiral mul-
tiplets Zα = eθ
α
with the same signature and U(1)β charge qαδαβ , such
that the Ka¨hler potential K(θ, θ¯) = 1
2
να(θ + θ¯)
2 is invariant under U(1)β :
δβθα = −δβ θ¯α = iqαδαβ . The corresponding D-term:
D(θ, θ¯) = DαθDθα, Dθα = −i
∑
β
Kβδαθ
β = qανα(θ
α + θ¯α), (2.3)
vanishes in the background, but (θα + θ¯α)/
√
2 acquires a squared mass
µ2α = (2x)
−1q2ανα equal to that of W
α, with which it forms a massive vector
supermultiplet, where x = g−2 is the inverse squared gauge coupling, taken
here to be a constant.
Finally, to regulate the Yang-Mills contributions, we include chiral mul-
tiplets ϕaα, ϕˆ
a
α that transform according to the adjoint representation of the
gauge group.
We take the Ka¨hler potential1
KPV =
∑
γ
[
eα
φ
γKφγφ¯γ +
1
2
νγ(θγ + θ¯γ)
2 +
∑
A
(
|XAγ |2 + |UγA|2
)]
1This choice is by no means unique, only illustrative.
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+
∑
α,a
(
eKϕaαϕ¯
α
a + ϕˆ
a
α
ˆ¯ϕ
α
a
)
+
∑
α
(
KZα +K
Y
α
)
+
∑
Aγ
|V Aγ |2
KZα =
∑
I,J=i,j
[
Ki¯Z
I
αZ¯
J¯
α +
bα
2
{
(Kij −KiKj)ZIαZJα + h.c.
}]
+ |Z0α|2,
KYα>3 =

 ∑
I,J=i,j
Ki¯Y αI Y¯
α
J¯ − aα
(
Y αI Y¯
0
αK
i + h.c.
)
+ |Y α0 |2
(
1 + a2αK
iKi
) ,
KYα≤3 =
∑
I,J=i,j
δi¯Y 1I Y¯
1
J¯ + |Y 10 |2, Ki = Kim¯Km¯, (2.4)
where Kim¯ is the inverse of the metric tensor Kim¯, the superpotential
WPV =
∑
αβ
[∑
I
µZαβZ
I
αY
β
I + µ
0
αβZ
0
αY
β
0 +
1
2
∑
a
(
µϕαβϕ
a
αϕ
a
β + µ
ϕˆ
αβϕˆ
a
αϕˆ
a
β
)]
+
1
2
∑
γ
µφγ (φ
γ)2 +
∑
Aγ
(
µXγ U
γ
AX
A
γ + µ
V
γ (V
γ
A )
2
)
+
1√
2
∑
α=4
(
aαWiZ
I
αY
α
0 +WZ
I
αY
α
I
)
+
1
2
ZI1Z
J
1Wij
+
√
2
x
∑
α=5
ϕaα−4Y
α
I (TaZ)
i +
1
2
∑
α
cα|Z0α|2W, (2.5)
and gauge field kinetic functions
fab = x
(
δab + dαβϕˆ
a
αϕˆ
b
β
)
, fαβ = δαβ, faα = eαβ
√
2xϕaβ, (2.6)
where the index a refers to the light gauge degrees of freedom. The function
K = K(Z, Z¯) is the Ka¨hler potential for the light chiral multiplets Z i = (Z¯ ı¯)†,
W = W (Z) is the superpotential, and
Ki = ∂iK =
∂
∂zi
K, Kim¯ = ∂i∂m¯K, Kij = ∂i∂jK, etc. (2.7)
Properties of the metric tensor for YI , Y0, are given in Appendix A. The
matrices µαβ, dαβ, eαβ, are nonvanishing only when they couple fields of the
same signature. The parameters µ, ν, play the role of effective cut-offs; they
are constrained so as to eliminate logarithmically divergent terms of order
5
µ2 ln Λ2 in the integral (1.4). The parameters a, b, c, d, e, are of order unity,
and are chosen to satisfy:
b1 = 1, bα6=1 = 0, a ≡
∑
α=4
ηYα a
2
α = −2, a′ ≡
∑
α=4
ηYα a
4
α = +2, g ≡
∑
α=5
ηYα a
2
α,
2e ≡ ∑
α,pvβ
ηϕˆαe
2
αβ = 4g − 2,
∑
α
ηZα c
2
α = −
∑
α
ηθα ≡ −N ′G. (2.8)
The signatures of the chiral PV multiplets satisfy
∑
α
ηϕα = 1,
∑
α
ηϕˆα = 2,
∑
α
ηZα = −1, ηUα = ηXα ,
ηYα = η
Z
α , η
ϕ
α = η
Z
α+4, η
Z
1 = η
Z
2 = −ηZ3 = −1. (2.9)
2.1 Quadratic divergences
In [1] it was shown how to regulate the quadratic divergences of supergravity
that are proportional to2
STrH = −10V − 2M2 + 7
2
r + 4Kim¯DµziDµz¯m¯ + 2D +NG r
2
+2N
(
Vˆ +M2 − r
4
)
+ 2x−1DaDi(T az)i
−2Rim¯
(
e−KA¯iAm¯ +DνziDµz¯m¯
)
, (2.10)
where N and NG are the number of chiral and gauge supermultiplets, re-
spectively, in the light spectrum. In these expressions, r is the space-time
curvature, Rim¯ is the Ricci tensor associated with the Ka¨hler metric Kim¯,
V = Vˆ + D is the classical scalar potential with Vˆ = e−KAiA¯i − 3M2, D =
(2x)−1DaDa, Da = Ki(Taz)i, and M2 = e−KAA¯ is the field-dependent
squared gravitino mass, with
A = eKW = A¯†, Ai = DiA, A¯
i = Kim¯A¯m¯, etc., (2.11)
2See Appendix D for corrections with respect to [3, 4]. Our conventions and notations
are defined in the Appendices of these papers.
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where Di is the scalar field reparameterization covariant derivative.
In evaluating the effective one-loop action we set to zero all background
Pauli-Villars fields; then the contribution of these fields to STrH is
STrHPV = 2
∑
P
ηα
[
1
x
DaDP (Taz)P − RPPim¯
(
A¯iAm¯e−K +DµziDµz¯m¯
)]
+2
∑
P
ηP
(
Vˆ +M2
)
−
(∑
P
ηP −
∑
α
ηθα
)
r
2
, (2.12)
where P refers to all PV chiral multiplets, including θα. From (2.1) we obtain
for the relevant elements of the scalar reparameterization connection Γ and
Riemann tensor R (see Appendix A):
DI(Tazα)
J = Di(Taz)
j , DI(Tay1)
J = −(Ta)ij,
(RZα)IJkm¯ = R
i
jkm¯, (R
Y1)IJkm¯ = 0,
DI(Tayα)
J = −Dj(Taz)i − a2αKj(Taz)i, DJ(Tayα)0 = −aα(Taz)j ,
D0(Tayα)
I = aα
(
KjDi(Taz)
j −Kim¯(Taz)m¯ + a2αKiDa
)
, D0(Tayα)
0 = a2αDa,
(RYα)IJkm¯ = −Rjikm¯ − a2αδjkKim¯, (RYα)00km¯ = a2αKkm¯, (RYα)0Jkm¯ = 0,
(RYαα )
J
0km¯ = aα
[
KiR
i
jkm¯ + a
2
α (KkKjm¯ +KjKkm¯)
]
, α > 3,
DC(Taφ)
D = (Ta)
C
D + δ
C
DαCDa, RCDkm¯ = δCDαCKkm¯, φC,D 6= Z, Y, (2.13)
where αϕ = 1, αϕˆ = αθ = 0. Using these relations with (2.9) we obtain an
overall contribution from heavy PV modes:
STrHPV = −r
2
(N ′ −N ′G)− 2α
(
Kim¯DµziDµz¯m¯ − 2D
)
− 2x−1DaDi(T az)i
+2Vˆ (N ′ − α) + 2M2 (N ′ − 3α) + 2Rim¯
(
e−KA¯iAm¯ +DνziDµz¯m¯
)
,
α =
∑
C
ηCαC , N
′ =
∑
P
ηP , N
′
G =
∑
γ
ηθγ . (2.14)
With (2.10) the finiteness condition STrH ′ = 0 imposes the constraints
N ′ = 7−N, N ′G = −NG, α = 2. (2.15)
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The vanishing of STr(µ2H ′+ν2) in (1.6) further constrains the parameters
µ and ν. If, for example, we set3 µPαβ = µ
P
αδαβ , qa = 1, µ
P 6=θ
α = β
P
α µ, ν
θ
γ =(
βθγ
)2 |µ|2, the finiteness constraint requires
3∑
α=1
ηZα
(
βZα
)2
=
∑
α=4
ηZα
(
aαβ
Z
α
)2
= N
∑
α=4
ηZα
(
βZα
)2
+
∑
C,αC=0
ηC (βC)
2 = 0,
∑
C
ηC (βC)
2 = 0 for fixed αC 6= 0, C 6= ZI , YI . (2.16)
As explained in [1] the O(µ2) contribution to S0+S1 =
∫
d4x (L0 + L1) takes
the form:
L0(g0µν , K) + L1 = L0(gµν , K + δK), gµν = g0µν (1 + ǫ)
ǫ = −∑
P
λP
32π2
e−KAPQA¯
PQ = Tr
∑
P
λΛ2
32π2
ζ ′,
δK =
∑
P
λP
32π2
(
e−KAPQA¯
PQ − 4KP
)
= Tr
∑
P
λΛ2
32π2
ζ,
KP = δPθγKPVθγ θ¯γ
∑
δ
δδθ
γδδθ¯
γ = q2γνγ, (2.17)
where [5]
λPQ = δPQλP , ζPQ = δPQζP ,
λP = 2
∑
α
ηPα
(
βPα
)2
ln βPα , ζP 6=θ = ζ
′
P 6=θ = 1, ζθ = −4, ζ ′θ = 0,
(
Λ2
)Q
P
= eKKQR¯K T¯ SµPSµ¯T¯ R¯, P 6= θ, Λ2θαθγ = δαγ |µθ|2. (2.18)
Λ2 plays the role of the (matrix-valued) effective cut-off. As emphasized
previously [1], if there are three or more terms in the sum over α, the sign of
λP is indeterminate [5].
3The result is unchanged if the parameters µ→ µ(z), ν → ν(z, z¯) depend on the light
fields[1].
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In the following we require only on-shell invariance,4 so the quadratic
divergences impose one less constraint than in (2.15). That is, we perform a
Weyl transformation to write the one-loop corrected Lagrangian as
Leff = Ltree
(
gR
)
− Λ
2
32π2
STrH ′2 − ǫ
(
r
2
+DµziDµz¯m¯Kim¯ − 2V
)
+O
(
ln Λ2
32π2
)
+O


(
h¯
16π2
)2+ finite terms,
gRµν = (1 + ǫ)gµν , ǫ =
Λ2
32π2
(N +N ′ −NG −N ′G − 7) , (2.19)
and we do not require ǫ to vanish. Then the finiteness conditions reduce to
N ′ = 3α+ 1−N, N ′G = α− 2−NG. (2.20)
In this case, the third finiteness condition in (1.6) becomes
STr
(
2µ2H ′ + ν2
)
= 2STr
(
µ2G − µ2χ
)(1
2
r +Kim¯DµziDµz¯m¯ − 2V
)
= 0.
(2.21)
The supertrace on the right hand side vanishes identically because the su-
pertraces of the squared mass matrices µ2PV vanish separately in the chiral
(µ2χ) and U(1) gauge (µ
2
G) PV sectors.
2.2 Logarithmic divergences
From the results of [3, 4], if L(g,K) is the standard Lagrangian [6, 7] for
N = 1 supergravity coupled to matter with space-time metric gµν , Ka¨hler
potential K, and gauge kinetic function fab(Z) = δab, the logarithmically
divergent part of the one loop corrected Lagrangian is
Leff = L (gR, KR) + lnΛ
2
32π2
(
XABLALB +XALA
)
+
√
g
ln Λ2
32π2
L
4The off-shell divergences are prescription dependent; the extension of this regulariza-
tion procedure beyond one loop may require a choice of prescription in which they can
also be made finite.
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L = L0 + L1 + L2 + L3 +NLχ +NGLg,
LA = ∂L
∂φA
, (2.22)
where φA is any light field, and5
L0 = 3C
aδab
(
Wab + h.c.
)
− 20
3
Vˆ 2 +
10
3
Vˆ M2 + 5M4 +
88
3
DM2
+
47x
6
[
2xWabWab −
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
]
−7i
3
DµziDν z¯m¯Kim¯DaF µνa +
1
3
(
25Vˆ + 10M2
)
Kim¯Dµz¯m¯Dµzi
+
20
3
(
Wab +Wab
)
DaDb + 11DKim¯DρziDρz¯m¯
−14
3
DVˆ + 15DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯
−20
3
(
Dµz¯m¯DµziKim¯
)2
+
20
3
Dµz¯m¯DµziDν z¯n¯DνzjKin¯Kjm¯, (2.23)
Lχ = −x
6
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
+
1
3
[
x2WabWab −D
(
Kim¯DρziDρz¯m¯ + 2Vˆ + 4M2
)]
+
1
3
(
Vˆ + 2M2
)
Kim¯Dµz¯m¯Dµzi − i
3
DµzjDν z¯m¯Kim¯DaF µνa
+
2
3
Vˆ M2 +M4 +
1
3
DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯, (2.24)
L1 = −
[
WabDi(Tbz)jDj(Taz)i + h.c.
]
+
2
x
DµziDµz¯m¯Rkim¯jDaDk(T az¯)j
+
2
x
Dae−KRk jn iAkA¯nDj(T az)i + 2iF aµνDj(Taz)iRjim¯kDµzkDν z¯m¯
+DµzjDµz¯m¯Rkjm¯iDνzℓDν z¯n¯Riℓn¯k +DµzjDν z¯m¯Rkim¯jDµzℓDν z¯n¯Rikn¯ℓ
−DµzjDν z¯m¯Rkim¯jDνzℓDµz¯n¯Rikn¯ℓ + 2e−KDµziDµz¯m¯Rkim¯jRℓ jn kAℓA¯n
+e−2KAiA¯
kRm in kR
n p
m qApA¯
q, (2.25)
5See Appendix D for corrections with respect to [3, 4]
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L2 =
2
3x
Di(Taz)
iDa
(
DµzjDµz¯m¯Kjm¯ + Vˆ + 3M2
)
+
2i
3
DµziDν z¯m¯Rim¯DaF µνa
+
2
3
Di(Taz)
i
[(
Wab +Wab
)
Db + ixF aµνKm¯jDµzjDν z¯m¯
]
+
4
3
De−KRijAiA¯j −
2
3
DµziDµz¯m¯
[
e−KRknAkA¯
nKim¯ +Rim¯
(
Vˆ + 3M2
)]
−2
3
DµziDν z¯m¯Kim¯Rjn¯
(
DµzjDν z¯n¯ −DνzjDµz¯n¯
)
− 2
3
e−2KRmn AmA¯
nAjA¯
j
−2
3
DρziDρz¯m¯Kim¯DµzjDµz¯n¯Rjn¯ + 4
3
DDµziDµz¯m¯Rim¯, (2.26)
L3 = DµzjDµziRk ℓj iDν z¯n¯Dν z¯m¯Rn¯km¯ℓ
+e−K
[
DµziDµzj
(
AikℓA¯
nRk ℓn j −Rk ℓj i(AmkℓA¯m − AkℓA¯)
)
+ h.c.
]
+
e−K
x
Da
[
(T az)iR j ki ℓ A¯
ℓAjk + h.c.
]
+ e−2K
(
Rj kn iAjkA¯
nAA¯i + h.c.
)
+e−K
(
2DµziDµz¯m¯ + e−KA¯iAm¯
)
Rℓjm¯kR
j k
i nAℓA¯
n
−
(
DµziDµz¯m¯ + e−KA¯iAm¯
) [
Di
(
e−KRkℓm¯jAkA¯
jℓ
)
+ h.c.
]
, (2.27)
Lg =
1
3
Kim¯Kjn¯
(
2DµziDµzjDν z¯m¯Dν z¯n¯ +DµziDµz¯n¯Dν z¯m¯Dνzj
)
−1
3
(
DµziDµz¯m¯Kim¯
)2
+ x2WabWab + 1
3
(
Wab +Wab
)
DaDb
−1
3
Vˆ 2 +
1
3
(
Vˆ +D
)
DµziDµz¯m¯Kim¯ − i
3
DµziDν z¯m¯Kim¯DaF µνa
−2
3
VˆD − x
2
Kim¯DνziDµz¯m¯
(
F aρµ + iF˜
a
ρµ
) (
F ρνa − iF˜ ρνa
)
, (2.28)
where F 2 = F aµνF
µν
a with F
a
µν the Yang-Mills field strength,
Wab = 1
4
(
Fa · Fb + F˜a · Fb
)
− 1
2x
DaDb, (2.29)
and
eKDi
(
e−KRℓjm¯kAℓA¯
jk
)
= (DiR
ℓ
jm¯k)AℓA¯
jk +Rℓjm¯kAiℓA¯
jk
+2Rkim¯jAkA¯
j +Rℓjm¯kR
j k
i nAℓA¯
n. (2.30)
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The renormalized Ka¨hler potential is
KR = K +
lnΛ2
32π2
[
e−KAijA¯
ij − 2Vˆ − 10M2 − 4Kaa − 12D
]
,
Kab =
1
x
(T az)i(Tbz¯)
m¯Kim¯. (2.31)
The second term in the expression (2.24) for Leff does not contribute to the
S-matrix. Since we are only interested in on-shell finiteness, we can drop
it. We have also dropped total derivatives, including the Gauss-Bonnet term
which can readily be extracted from the results of [3, 4]:
Leff ∋ √g ln Λ
2
32π2
1
48
(41 +N − 3NG)
(
rµνρσrµνρσ − 4rµνrµν + r2
)
, (2.32)
in agreement with other calculations [8]. We similarly drop total derivatives
in the logarithmically divergent PV contributions.
The Pauli-Villars contribution to (2.24) is, after an appropriate additional
space-time metric redefinition,
LPV = √g ln Λ
2
32π2
[
N ′GLg +N
′Lχ +
∑
P
ηP
(
LP1 + L
P
2
)
+ LZ3 + LW + eLe
]
+∆K ′L, K ′ = lnΛ
2
32π2
e−K
∑
P,Q
ηPAPQA¯
PQ, (2.33)
where
1√
g
∆FL = ∆FL = −F Vˆ +
(
e−KA¯iAm¯ +DµziDµz¯m¯
)
∂i∂m¯F
−
{
∂iF
[
e−KA¯iA+
1
2x
Da(T az)i
]
+ h.c.
}
, (2.34)
is the shift in L/√g due to a shift F (z, z¯) in the Ka¨hler potential, and [see
Appendix B and Eq. (B.38)]
LW = x
2WabWab
[
2e2 + (d− 2e)2
]
,
Le = 2iDµzjDν z¯m¯Kim¯DaF µνa + 4D
(
3M2 + Vˆ
)
− 4x2WabWab
+x
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
+2DDµziDµz¯m¯Kim¯ − 4∆DL, (2.35)
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are the contributions from the gauge kinetic terms given in (2.6), obtained
by a straightforward generalization of the results of [4] to the case of a non-
diagonal gauge kinetic function fab (see Appendix B).
To evaluate K ′ and L3 we need the additional PV matrix elements (see
appendix A):
RZ1Im¯Jn¯ = Rim¯jn¯ +Kim¯Kjn¯ +Kim¯Kjn¯, A
Z1
IJ = Aij, A¯
IJ
Z1
= A¯ij,
A
Yα,ϕα−4
Ia = e
K
√
2
x
(Taz)
i, A¯IaYα,ϕα−4 =
√
2
x
[
(T az¯)m¯Kim¯ + a
2
αKiDa
]
,
√
2AZα,YαIJ =
√
2Aδji ,
√
2A¯IJZα,Yα = δ
i
jA¯+ a
2
αe
KKjWA¯
i, α > 3,√
2A¯I0Zα,Yα = aαA¯
i,
√
2AZα,YαI0 = aαe
KWi, α > 3,
Aθαβ = δαβναW, A¯
αβ
θ = δ
αβν−1α W,
AZ
0
αβ = δαβcαW, A¯
αβ
Z0 = δ
αβcαW, (2.36)
where we have not included µ-dependent terms that are already contained
in (2.17). Then, using (2.8-9) we obtain
K ′ = − ln Λ
2
32π2
[
e−KAijA¯
ij + 2Vˆ + 2M2 − 4Kaa − 4(e+ 1)D
]
. (2.37)
L3 is determined by the expressions
RZ1Im¯Jn¯
(
RZ1
)I J
k ℓ
= Rim¯jn¯R
i j
k ℓ + 4Rkm¯ℓn¯ + 2 (Kkm¯Kℓn¯ +Kℓm¯Kkn¯) ,
AZ1IJ A¯
IJ
Z1
= AijA¯
ij , RZ1Im¯Jn¯A¯
IJ
Z1
= Rim¯jn¯A¯
ij + 2A¯m¯n¯, (2.38)
giving
LZ3 = −L3 + 4∆Vˆ L+ 8∆M2L−
2√
g
e−K
(
AiA¯Li + h.c.
)
−4DµzjDµziDν z¯m¯Dν z¯n¯ (Kin¯Kjm¯ +Rim¯jn¯)− 4M2
(
2Vˆ + 3M2
)
−4e−K
(
2DµziDµz¯m¯ + e−KA¯iAm¯
)
Rℓim¯nAℓA¯
n − 8DM2, (2.39)
where relations among operators given in Appendix B of [4] were used. LP2
is obtained directly from (2.13):
∑
P
ηPL
P
2 = −L2 −
2
3
αLα,
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Lα =
(
Vˆ + 3M2
)2 − 4D (Kim¯DρziDρz¯m¯ + Vˆ + 3M2)
+2
(
Vˆ + 3M2
)
Kim¯Dµz¯m¯DµziKim¯ +
(
Dµz¯m¯DµziKim¯
)2
+DµziDν z¯n¯Kin¯Kjm¯
(
DµzjDν z¯m¯ −Dµz¯m¯Dνzj
)
−2iDµzjDν z¯m¯Kim¯DaF µνa −
(
Wab +Wab
)
DaDb. (2.40)
To evaluate LP1 we need
DI(Tazα)
JDJ(Tbzα)
I = Di(Taz)
jDj(Tbz)
i,
DI(Tay1)
JDJ(Tby1)
I = −δabCaM ,
(RZα)IJkm¯(R
Zα)JIℓn¯ = R
i
jkm¯R
j
iℓn¯,
(RZα)JIkm¯DJ(Tbzα)
I = Rijkm¯Dj(Tbz)
i,
DP (Tayα)
QDQ(Tbyα)
P = Dj(Taz)
iDi(Tbz)
j + a2αx (Kab +Kba) ,
(RYα)PQkm¯(R
Yα)QPℓn¯ = R
j
ikm¯R
i
jℓn¯ − 2a2αRℓn¯km¯ + a4α (Kkm¯Kℓn¯ +Kkn¯Kℓm¯) ,
(RYα)PQkm¯DQ(Tby
α)P = Rjikm¯Di(Tbz)
j + a2αDk(Tbz)
jKjm¯, α > 3,
DC(Taφ)
DDD(Tbφ)
C = CaC + δ
C
Dα
2
CDaDb, RCDkm¯RDCℓn¯ = δCDα2CKkm¯Kℓn¯,
RCDkm¯DD(Tbφ)
C = δCDα
2
CKkm¯Db, φC,D 6= Z, Y. (2.41)
Then using the constraints (2.8) and the results given in Appendix B of [3],
we obtain (see Appendix A)
∑
P
ηPLP1 = −L1 − 3Caδab
(
Wab + h.c.
)
+ α′Lα + L
Y
1 , α
′ =
∑
C
ηCα
2
C ,
LY1 = 4
[
∆M2L+M2
(
2Vˆ + 3M2 + 2D
)]
+8∆DL− 2
x
√
g
[
Da(T az)iLi + iDµz¯m¯(T az)iKim¯Lµa + h.c.
]
+4DµzjDµziDν z¯m¯Dν z¯n¯ (Rim¯jn¯ +Kin¯Kjm¯)
+4e−K
(
2DµziDµz¯m¯ + e−KA¯iAm¯
)
Rℓim¯nAℓA¯
n. (2.42)
Adding the above, we get for the total PV contribution:
LPV = lnΛ
2
32π2
(
XABPV LALB +XAPVLA
)
+
√
g
ln Λ2
32π2
LPV +∆KPV L,
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KPV = K ′ +
lnΛ2
32π2
[
4Vˆ + 12M2 + 8D
]
= − (KR −K) ,
LPV = N
′
GLg +N
′Lχ − L1 − L2 − L3 + LW + eLe
+
(
α′ − 2
3
α
)
Lα. (2.43)
The renormalization of the Ka¨hler potential is seen to be finite. Setting
2e2 + (d− 2e)2 = 2e, (2.44)
and using the constraints (2.20), we obtain for the remaining contributions
L+ LPV = − (6 + α− α′)
[
Vˆ 2 +Dµz¯m¯DµziDν z¯n¯Dνzj (Kim¯Kjn¯ −Kin¯Kjm¯)
]
(2− α + 3α′)
(
2Vˆ M2 + 3M4 + 2M2Kim¯Dµz¯m¯DµziKim¯
)
+2 (4 + α′) Vˆ Kim¯Dµz¯m¯DµziKim¯
+ (14 + α + α′)DµzjDµziDν z¯m¯Dν z¯n¯Kin¯Kjm¯
+4 (7 + α− 3α′ + 3e)DM2
+ (6 + α− α′)
(
Wab +Wab
)
DaDb
+2 (7 + α− e) x
[
xWabWab
−1
2
(
F aρµ − iF˜ aρµ
) (
F ρνa + iF˜
ρν
a
)
DνziDµz¯m¯Kim¯
]
−2 (1 + α′ − e)
(
2DVˆ + iDµzjDν z¯m¯Kim¯DaF µνa
)
+2 (5 + α− 2α′ + e)DKim¯DρziDρz¯m¯. (2.45)
Finiteness is achieved by imposing
α = −10, α′ = −4, e = −3. (2.46)
Once all the infinities have been removed, the Lagrangian takes the form
(1.7), with the matrix-valued effective cut-off a function of the scalar fields.
In particular, the terms of order lnµ are given by (2.22) with lnΛ2 replaced
by the matrix
∑
P η
P ln(µ2P ).
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3 Ka¨hler anomalies
Classically, supergravity theories are invariant Ka¨hler transformations
that redefine the Ka¨hler potential and the superpotential in terms of a holo-
morphic function H(z):
K → K +H + H¯, W → eHW, (3.1)
and that shifts the the fermion axial U(1) current:
Γµ =
i
4
(
DµziKi −Dµz¯m¯Km¯
)
→ Γµ − 1
2
∂µImH. (3.2)
This invariance is anomalous at the quantum level due to the conformal
and chiral anomalies. Consider for example the one-loop correction to the
Yang-Mills term:
LYM1 = −
1
16π2
(
1
4
F µνa F
a
µν −
1
2x
DaDa
)∑
P
ηPC
a
P ln
(
Λ2Pβ
2
P
)
+ · · · ,
= − 1
16π2
(
1
4
F µνa F
a
µν −
1
2x
DaDa
) [
3CaG ln
(
eK/3µ2ϕρϕ
)
− CaM ln
(
eKµ2ZρZ
)]
+ · · · , (3.3)
in the notation of (2.16), where the dots represent operators of higher dimen-
sion, and [5]
ln ρϕ =
∑
α,P=ϕ,ϕˆ
ln
(
βPα
)2
, ln ρZ =
∑
α,P=Z,X,V
ln
(
βPα
)2
. (3.4)
Under (3.1) the quantum correction (3.3) changes by
δLYM1 = −
ReH
8π2
(
1
4
F µνa F
a
µν −
1
2x
DaDa
)
(CaG − CaM) , (3.5)
Gauginos and chiral fermions have Ka¨hler U(1) weights +1 and −1, respec-
tively, so the corresponding chiral anomaly
δχLYM1 = −
ImH
8π2
(
1
4
F µνa F˜
a
µν −
1
2x
DaDa
)
(CaG − CaM) . (3.6)
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combines with (3.5) to give the superfield expression
δLYM1 = −
1
8π2
∫
d4θ
E
8R
W αa W
a
α (C
a
G − CaM) . (3.7)
The field dependence of the effective cut-offs was in fact determined in [15]
by imposing the supersymmetric relation between the chiral and conformal
anomalies associated with Ka¨hler transformations; this in turn restricts the
Ka¨hler potential for charged PV fields.
Sigma-models coupled to supergravity are invariant under a group of non-
linear transformations Z → f(Z) that effect a Ka¨hler transformation of the
form (3.1), (3.2). This is in general a classical invariance, and an interesting
question is under what circumstances this invariance, which we will refer to
as modular invariance, can be respected at the quantum level. If modular
invariance is broken at the quantum level, the resulting chiral and conformal
modular anomalies must form a supermultiplet. We consider some examples
below.
3.1 Nonlinear sigma-models
Consider first an ungauged supergravity theory with no superpotential and
with a Ka¨hler metric typically of the form
K =
m∑
A=1
KA, KA = − 1
kA
ln
(
1 + η
nA∑
i=1
|ziA|2
)
, kA = −η|kA|, (3.8)
that is classically invariant under the infinitesimal nonlinear transformations
δziA = β
i
A + ηz
i
A
∑
j
β¯ ¯Az
j
A, δK
A = FA + F¯A, FA =
∑
j
β¯ ¯Az
j
A, (3.9)
where η = +(−)1 for a (non)compact symmetry group. Then the derivatives
of the metric satisfy
KAjk = kAK
A
j K
A
k , Γ
Ai
jk = kA
(
δAij K
A
k + δ
Ai
k K
A
j
)
,
RAijkm¯ = kA
(
δAij K
A
km¯ + δ
Ai
k K
A
jm¯
)
, δAij =
{
δij if K
A
i 6= 0
0 if KAi = 0
. (3.10)
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To regulate the theory, we need only include a subset of the chiral super-
multiplets in (2.4). We take the Ka¨hler potential
KPV =
∑
γ
e
∑
A
αAγK
A
φγφ¯γ +
∑
A,α
KZA,α +K
Y
A,α,
KZA,α =
∑
I,J=i,j
[
KAi¯Z
I
A,αZ¯
J¯
A,α +
bα
2
(
KAi K
A
j Z
I
A,αZ
J
A,α + h.c.
)]
,
KYA,α = e
∑
B
αB
AαK
∑
I,J=i,j
Ki¯AY
A,α
I Y¯
A,α
J¯
, ηZA,α = η
Y
A,α ≡ ηAα , (3.11)
and the superpotential
WPV =
∑
I,A,αβ
µZA,αβZ
I
A,αY
A,β
I +
∑
αβ
µφαβφ
γϕβ, (3.12)
where µαβ = 0 if ηα 6= ηβ.
Then (2.10) and (2.12) reduce to
STrH = 2
∑
A
DµziDµz¯m¯KAim¯ [2− kA (nA + 1)] +
r
2
(7−N),
STrHPV = −2
∑
A
αADµziDµz¯m¯KAim¯ −
r
2
N ′,
N =
∑
A
nA, N
′ =
∑
γ
ηγ + 2nA
∑
α,A
ηAα ,
αA =
∑
α
ηφαα
A
α +
∑
B
ηBα α
A
Bα. (3.13)
Cancellation of the on-shell quadratic divergences requires
N +N ′ = 2αA + 2kA(nA + 1) + 3, (3.14)
and additional constraints on the parameters provide a cancellation of all
one-loop ultraviolet divergences.
The PV Ka¨hler potential (3.11) is invariant under the Ka¨hler transfor-
mation (3.8), provided the PV superfields transform as
δZIA =
∂δziA
zjA
ZJA = η

ZIAFA + ziA∑
j
β¯ ¯AZ
J
A

 , δφα = −∑
A
αAαF
Aφα,
δY AI = = −η

Y AI FA + β¯ ı¯A∑
j
zjAY
A
J

− Y AI ∑
B
αBAF
B. (3.15)
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To obtain a fully invariant PV potential requires
αABα = 1, µ
φ
αβ = 0 if α
φ
α + α
φ
β 6= 1, (3.16)
in which case the superpotential (3.12) transforms under (3.8) as δWPV =
−WPV ∑A FA, and the effective cut-offs Λ2PQ are constant. However in this
case
αA =
1
2
N ′, HPV = −N ′
(
DµziDµz¯m¯Kim¯ + r
2
)
, (3.17)
which is removed by the Weyl transformation (2.19). Thus chiral supermul-
tiplets with modular invariant masses do not contribute to quadratic diver-
gences, nor do massive abelian gauge multiplets. Since modular invariance of
their masses requires αθ = 0, θ-loops contribute only to the space-time cur-
vature term and exactly cancel the corresponding gauge loop contributions.
Therefore, modular invariant regularization cannot be achieved unless the
massless theory is free of quadratic divergences. This requires a constraint
on the total massless spectrum. If it includes NG gauge supermultiplets and
Nq additional chiral supermultiplets φ
α with modular weights qAα , that is,
with Ka¨hler potential
K(φα, φ¯α) =
∑
α
|φα|2e
∑
A
qAαK
A
, (3.18)
the constraint reads
2
∑
α
qAα −Nq −N +NG + 3 + kA(nA + 1) = 0. (3.19)
If this constraint is satisfied, the Ka¨hler potential is not renormalized, and
the classical Bagger-Witten quantization condition [9, 10], which relates the
pion decay constant to the Planck mass in a compact σ-model, is preserved
at the quantum level. If this is not the case, one can still preserve the BW
condition by imposing, in addition to (2.16), the additional constraints [see
(2.17-18)] on the PV masses:
∑
αβ
ηαβ
2
αβ ln (βαβ) = 0 for fixed αα + αβ 6= 1. (3.20)
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If the group of modular transformations is noncompact, a subgroup of the
modular transformations (3.9) may be a classical invariance of the Lagrangian
in the presence of a superpotential and of gauge interactions for a subset of
the Z i. An example is the Lagrangian for the “untwisted sector” of light
fields in a class of orbifold compactifications of the heterotic string. The
Ka¨hler potential is (neglecting the dilaton)
K =
3∑
I=1
GI , GI = − ln
(
TI + T¯I −
n−1∑
A=1
|ΦAI |2
)
. (3.21)
It is invariant under an SL(2, R) group of modular transformations that leave
K invariant, and the derivatives of K satisfy (3.10) with KA → GI , kA →
kI = 1. The superpotential has the form
W =
∑
IJK,ABC
cABC |ǫIJK |ΦAI ΦBJ ΦCK . (3.22)
This model has the property that
AIA,JB = 0 if I = J, R
im¯jn¯Aij = 0, (3.23)
where the indices i, j, · · · run over all chiral fields zi, and the logarithmically
divergent contributions (2.22-28) simplify considerably. However, the ansatz
(3.11) is insufficient to cancel logarithmic divergent terms proportional to
Di(T
az)jDj(Taz)
i and Di(T
az)jRjikm¯, suggesting that modular invariant reg-
ularization is not possible for any choice of spectrum, although invariance of
the O(µ2) term can always be imposed by conditions analogous to (3.20).
3.2 String-derived supergravity
If the underlying theory is a superstring theory, there is generally invariance
under a discrete group of modular transformations on the light superfields
under which K → K + F (z) + F¯ (z¯), W → e−F (z)W, which cannot be
broken by perturbative quantum corrections [11]. For example, in the class
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of orbifold compactifications mentioned above the Ka¨hler potential, including
twisted sector fields, takes the SL(2, R) invariant form
K =
3∑
I=1
gI + f
(
e
∑
qIA|ΦA|2
)
=
3∑
I=1
gI + e
∑
qIA|ΦA|2 + O
(
|ΦA|4
)
,
gI = − ln
(
TI + T¯I
)
, (3.24)
which reduces to (3.21) when the twisted fields are set to zero. The gen-
eral PV Ka¨hler potential of (2.4) is modular invariant if the field ZIα has
the same modular weight as Z i and ϕC has modular weight αC . The super-
potential (2.5) can be made invariant under the discrete SL(2, Z) subgroup
of SL(2, R) modular transformations, by an appropriate TI-dependence of
the PV masses: µα → µα(TI) = µα∏I [η(TI)]pIα, where η(T ) is the Dedekind
function. This modification of the effective cut-offs could be interpreted as
threshold effects arising from the integration over heavy modes.
On the other hand, it is known that at least some of the modular invari-
ance is restored by a universal Green-Schwarz counter term; this is in partic-
ular the case for the anomalous Yang-Mills coupling [12]–[15]. To study the
conformal anomalies arising from the noninvariance of the effective cut-offs,
consider the helicity-even part6 of the one-loop action, given by
S1 =
i
2
STr ln
[
D2 +H(MPV )
]
, (3.25)
whereMPV is the PV mass matrix. Under a transformation on the PV fields,
represented here by a column vector X i, that leaves the tree Lagrangian, as
well as the PV Ka¨hler potential, invariant:(
X¯ ı¯
X i
)
→ gi
(
X¯ ı¯
X i
)
, MPVi =
(
0 mi
m¯i 0
)
, MPV → M ′PV
(
D2 +H(0)
)
i
→ gi
(
D2 +H(0)
)
i
g−1i , (3.26)
6The chiral anomaly can be obtained by a resummation [16] of the derivative expan-
sion of the helicity-odd contribution T−, which gives the standard results for the terms
condsidered here.
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because all the operators in the determinant except MPV are covariant, and
the PV contribution to (3.25) changes by
(S1)PV →
i
2
∑
i
ηiSTr ln
{
gi
[
D2i +Hi(g
−1
i M
′
PV gi)
]
g−1i
}
=
i
2
∑
i
ηiSTr ln
[
D2i +Hi(g
−1
i M
′
PV gi)
]
, (3.27)
where ηi is the signature, and the last equality holds if the integrals are finite.
The PV Ka¨hler potential KPV = kim¯X
iXm¯ is invariant provided kim¯ →
g−1i kim¯g¯
−1
m , k
im¯ → gikim¯g¯m. If the PV mass is introduced via a superpotential
term W ∋ µijX iXj, µ = constant, the PV mass is
mm¯i = e
K/2Kjm¯µij, m
′m¯
i = e
(K ′−K)/2g¯mK
jm¯gjKjn¯m
n¯
i . (3.28)
If the transformation is abelian: gi = e
φi , and the metric is diagonal: Kim¯ ∝
δim¯, we just get
m′m¯i = e
(K ′−K)/2+φ¯m+φimm¯i , gi =
(
eφ¯i 0
0 eφi
)
,
g−1i Migi = e
(K ′−K)/2
(
0 e2φimi
e2φ¯im¯i 0
)
, (3.29)
if, e.g., µij ∝ δij.
If, following section 2, we introduce regulatorsXA, X ′A for Φ
A with signature-
weighted average modular weights −qAI , and Xa for the gauge fields with
average weights qaI = 1/3, and the superpotential term
WPV =
∑
A
µAX
AX ′A +
∑
a
µaX
aXa, mi = e
K/2−
∑
I
qi
I
gIµi, (3.30)
under a modular transformation we have
gi =
(
e−
∑
I
qi
I
F¯ I 0
0 e−
∑
I
qi
I
F I
)
, m′i = e
∑
I(1−2q
i
I)ReF Imi,
g−1i M
′
igi =
(
0 e−2i
∑
I
qi
I
ImF Im′i
e2i
∑
I
qi
I
ImF Im¯′i 0
)
, (3.31)
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the contribution (3.3) shifts by
− 1
64π2
δ
{
F 2a
[
3Ca ln(|m2a|)−
∑
A
CAa ln(|m2A|)
]}
+ · · ·
= − 1
32π2
∑
I
ReF IF 2a
[
Ca −
∑
A
CAa
(
1− 2qIA
)]
+ · · · , (3.32)
and the conformal anomaly matches the chiral anomaly arising from the axial
currents
Aλµ = Γµ =
i
4
(
DµziKi − h.c.
)
,
(
AΦµ
)A
B
= −Γµ + i
2
(
DµziΓABi − h.c.
)
,
(3.33)
for gauginos and charged chiral fermions, respectively. The Casimirs and
modular weights satisfy the sum rules:
Ca −∑
A
(1− 2qIA)CaA = CE8 − bIa. (3.34)
For orbifolds such as Z3 and Z7 that contain no N=2 supersymmetric twisted
sector [17], bIa = 0, the anomaly (3.32) is completely cancelled by a Green-
Schwarz term. For other models the residual anomaly is cancelled by string-
loop threshold effects [12] that can be incorporated in the present formalism
by making the ϕa masses moduli-dependent:
µϕα →
∏
I
[η(TI)]
bIaµϕα. (3.35)
Note that since the masses are not modular invariant, additional condi-
tions, analogous to (3.20), must be imposed to make the quadratically diver-
gent terms anomaly free. Possibilities for cancelling the remaining modular
anomalies will be studied elsewhere.
4 Anomalous U(1)
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In this section we include an anomalous U(1)X gauge factor: TrTX ,TrT
3
X 6=
0. To regulate a nonanomalous gauge theory we introduced heavy vector-like
pairs of states with gauge invariant masses. Explicitly, under a gauge trans-
formation XA → gAXA, X ′A → g−1A XA, X¯ A¯ → g−1A X¯ A¯, X¯ ′A¯ → gAX¯A¯, M ′ =
gMg−1, i.e., the mass matrix (3.26) is covariant, and no anomaly is intro-
duced by the regularization procedure.
However, the quadratically divergent piece contains the term
2x−1DaDi(T az)i = 2x−1Da
(
TrT a + Γiij(T
az)j
)
. (4.1)
If TrTa 6= 0, one cannot regulate the quadratic divergences7 without intro-
ducing a mass term for PV states X i with the same U(1)X charge q
i. As a
consequence the effective cut-off is noninvariant, which gives the conformal
anomaly counterpart to the chiral anomaly.
Thus, in addition to the PV regulators introduced in section 2, we intro-
duce chiral fields X i with signatures ηi that carry only U(1)X charge qi:
K → K + ki, ki = f i(Zj, Z¯m¯)|X i|2 +O|X i|4, W → W + µi(X i)2. (4.2)
Their contribution to the chiral U(1)X anomaly vanishes; the explicit break-
ing through the mass terms cancels their contribution to the true anomaly.
We have been working with the covariant superspace formalism of [7], in
which the vector potential8 Aµ is introduced as the lowest component of an
anti-hermetian one-form superfield, and matter superfields Φ are defined to
be covariantly chiral:
Dβ˙Φ = 0, χα = DαΦ| , (4.3)
where the covariant derivative DM contains the gauge connection AM , and
M is a coordinate index in superspace. Under a gauge transformation:
AM → AM − g−1DMg, ΦA → gqAXΦA, g−1 = g†. (4.4)
7In the context of renormalizable theories one can use dimensional regularization or
reduction and the quadratic divergence never appears.
8iAµ → iam = Am| in the notation of [7].
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The chiral Yang-Mills superfield W α is obtained as a component of the two-
form FMN , which is the Yang-Mills field strength in superspace. The authors
of [7] point out that one can introduce the commonly used Yang-Mills super-
field potential VX such that
Wα = −1
4
(
D¯2 −R
)
DαVX , (4.5)
where R is an element of the supervielbein and D¯2−R is the chiral projection,
but this field does not appear in the construction of the action which is
invariant under an additional gauge transformation
VX → V ′X = VX +
1
2
(
Λ + Λ¯
)
, (4.6)
that is independent of (4.4). Since the gauge invariant superpotential is
invariant under the complex extension of the gauge group, there is no conflict
between (4.4) and holomorphicity of the superpotential.
However, the superpotential (4.2) changes by a nonholomophic function
under U(1)X if X
i → gqiX i. Therefore holomorphicity requires X i →
e−qiΛX i, Λ holomorphic, under a U(1)X gauge transformation. To preserve
gauge invariance of the Ka¨hler potential, we take X i chiral in the ordinary
sense, that is, we define DMX i = DMX i, where DM contains no gauge con-
nection, and modify the Ka¨hler potential (4.2) to read
K → K + kie2qiVX . (4.7)
As shown in Appendix C, one obtains the standard Lagrangian when this
expression is evaluated in the Wess-Zumino gauge. This choice is not justified
unless the full theory is gauge invariant. In fact, we are interested in the
special case in which the U(1)X anomaly satisfies the “universality” condition
1
3
TrT 3X = Tr(TXT
2
a ) =
1
24
TrTX = 8π
2δX , (4.8)
and – in string derived supergravity – is cancelled by a Green-Schwarz term [18].
Thus provided this term is included and evaluated in the WS gauge, there is
no ambiguity.
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Including the fields X i we get a quadratically divergent contribution:
STrH ∋ 2g2dX
(∑
A
qXA +
∑
i
ηiqi
)
. (4.9)
where the first term is the light field contribution and dX =
∑
AKAq
X
A φ
A, φA =
ΦA
∣∣∣ . Finiteness requires
∑
i
ηiqi = −TrTX = −192π2δX ,
∑
i
ηiqim
2
i = 0. (4.10)
Once all the infinities are cancelled one gets a finite contribution that grows
with µ2. Setting µi = βiµ, we get a contribution of the form (2.17) with now
δK =
∑
i
ηim
2
i lnβi, m
2
i = β
2
i e
KK−2i¯ı |µi|2. (4.11)
Taking, for example, the modular invariant form
ki = eK/2|X i|2, δK = µ
2
32π2
∑
i
β2i ln βie
−4qiVX , (4.12)
the correction to the bosonic Lagrangian is [see (2.34) and Appendix C]
∆L = √g µ
2
32π2
[
1
16
Dα
(
D¯2 − R
)
Dα − Vˆ
]
δK
∣∣∣∣
=
√
g
µ2
32π2
∑
i
β2i ln βi
[
2g2qi (dX − qiAµAµ)− Vˆ
]
. (4.13)
Note that a mass term is induced for the anomalous U(1)X gauge boson Aµ.
Thus if the full quantum theory is not anomalous we must impose
∑
i
ηiq
2
i β
2
i ln βi = 0. (4.14)
The logarithmically divergent contribution from X i contains a term
LX ∋ − 1
64π2
∑
i
ηi ln |mi|2q2i F 2X + · · · . (4.15)
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Under U(1)X , (4.6), |mi|2 → e−2qi(Λ+Λ¯)|mi|2, so the quantum Lagrangian
changes by
δLX ∋ 1
32π2
∑
i
ηi (λ + λ
∗) q3i F
2
X + · · · , (4.16)
where λ = Λ|. The light fermion contribution gives the chiral anomaly:
δLX = iδX
2
(ln g|)∑
a
F aF˜a + · · · , (4.17)
For F a = FX , the anomalies (4.16,4.17) form a supermultiplet if we take
g = e−
i
2
(Λ−Λ¯),
∑
i
ηiq
3
i = 8π
2δX . (4.18)
To make the full anomaly determined by (4.8) supersymmetric, we must
include PV fields with both U(1)X and the nonanomalous gauge charges.
This can be accomplished by assigning the same U(1)X charge qA to the
previously introduced PV fields XA, X ′A, defining the superspace derivative
as DM = DMX + TaAaM , Aa 6= AX , and setting
|XA|2 → e2qAVX |XA|2, |XA|2 → e2qAVX |XA|2,
in the Ka¨hler potential. The generalization of the Lagrangian of Appendix
C to this case is tedious but straightforward. Once supersymmetry of the
anomaly is imposed, with the appropriate constraints on the PV U(1)X
charges, the full anomaly is cancelled by a Green-Schwarz term that gives
the variation of the Lagrangian under the U(1)X transformation (4.6):
δLXGS = −
δX
4
∫
E
R
ΛTr(WαWα) + h.c.
= −δX
2
(
Reλ
∑
a
F aFa + Imλ
∑
a
F aF˜a
)
+ · · · . (4.19)
This mechanism introduces a D-term with a well-defined coefficient that has
been used in many applications to phenomenology. Note that there is also
a D-term in (4.13), that may be removed by an additional condition on the
βi. One needs further information on the underlying theory to determine
whether or not this term is present.
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5 Concluding remarks
We have shown that on-shell one-loop Pauli-Villars regularization is possible
for supergravity theories with canonical kinetic energy for gauge superfields.
The resulting Lagrangian depends on the PV masses µ that play the role
of effective cut-offs. It remains an open question as to whether PV regu-
larization remains possible at higher order without the addition of higher
derivative terms. However since the chiral anomalies of the effective field
theory are completely determined at one loop order, and their partner con-
formal anomalies are thereby fixed by supersymmetry – through constraints
on the Pauli-Villars massess – at the same order, one loop calculations are
sufficient to study the field theory anomalies.
We found that nonlinear sigma-model symmetries can be preserved at the
quantum level only for ungauged theories with restricted particle spectra,
such that there are no quadratic divergences. It is nevertheless possible to
impose invariance of the O(µ2) correction, thereby preserving the Bagger-
Witten condition at the quantum level. Similarly, the O(µ2) correction to an
anomalous U(1) gauge symmetry may be made gauge invariant. There is also
an O(µ2) D-term that does not automatically vanish when gauge invariance
is imposed; further information on the underlying theory is needed to fix this
term.
In string-derived supergravity a discrete subgroup of the sigma-model
symmetry is preserved to all orders in perturbation theory; a study of the
anomaly structure provides information on the type of counterterms that
must be included to cancel the field theory anomalies. In these theories the
gauge kinetic energy term is noncanonical, and is governed by couplings to a
universal dilaton. The full loop corrections including the dilaton, and a more
detailed study of supergravity theories based on orbifold compactifications
of the heterotic string, will be presented elsewhere.
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Appendix
A. The metric tensor for Y
The metric tensor derived from KYα>3 in (2.4) is the inverse of that derived
from the Ka¨hler potential
k =

 ∑
I,J=i,j
Y Iα Y¯
J¯
α
(
Ki¯ + a
2
αKiK¯
)
+ aα
(
Y Iα Y¯
0
αKi + h.c.
)
+ |Y 0α |2

 . (A.1)
It is straightforward to evaluate the derivatives of the metric kPQ¯, P,Q =
YI , Y0. Denoting by γ
P
Qi, r
P
Qim¯ the corresponding elements of the affine con-
nection and Riemann tensor, respectively, we have
(Ta)
YJ
YI
= −(Ta)ij , DYI (TaY )J = −Dj(Taz)i,
(ΓY )QPi = −γPQi, (RY )QPim¯ = −rPQim¯, (A.2)
giving the results listed in (2.13) and (2.42). In addition we have,
AYPQ = e
KWPQ, A¯
PQ
Y = e
KKP P¯
′
Y K
PQ¯′
Y A¯P¯ ′Q¯′ = e
KkP P¯ ′kQQ¯′A¯P¯ ′Q¯′,
AYPϕ = e
KWPϕ, A¯
Pϕ = eKKPQ¯Kϕϕ¯A¯Q¯ϕ¯ = kPQ¯A¯Q¯ϕ¯, (A.3)
giving the results listed in (2.37).
B. Nondiagonal gauge kinetic function
Here we sketch the generalization of [4] to the case of a nondiagonal gauge
kinetic function involving Pauli-Villars fields. Although in this paper, we
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assume a canonical kinetic energy term for the light gauge fields, we give the
results here for the case of a universal dilaton. The case relevant to section 2
of this paper is recovered by setting s = constant. With an arbitrary kinetic
function fab(Z), the Lagrangian for the auxiliary fields Da of the Yang-Mills
supermultiplets takes the form [7], upon solving for Da,
LD = 1
2
(Ref)abDaDb −DaD˜a = −1
2
[
(Ref)−1
]ab
D˜aD˜b,
D˜a = Da + i
2
(
fabi λ¯bLχ
i − h.c.
)
, fabi = ∂if
ab. (B.1)
Writing fab = faδ
ab + ǫab, we may expand in ǫ to obtain
LD = −1
2
(Refa)
−1
(
δab − Reǫ
ab
Refb
+
∑
c
ReǫacReǫcb
RefbRefc
)
D˜aD˜b + · · · . (B.2)
Here we introduce Pauli-Villars abelian gauge multiplets W 0α, and take gauge
kinetic functions of the form
fAB = δAB (xA + iyA) + ǫ
AB,
fab = δabs+
d
2
ϕaϕb, fαβ0 = δ
αβ,
fa0α = eαϕ
a, KPV = e
k
∑
a
|ϕa|2, ek = 1
2x
. (B.3)
In addition to scalar curvature terms,
Rabss¯ = Kss¯δ
a
b , (B.4)
we have, for fixed α,
Dsf
a0
ϕb = −Γϕ
c
sϕbf
a0
ϕc = −ksδab e =
1
2x
δab e. (B.5)
The relevant part of the tree Lagrangian [6], [7] is (setting all background
fermions to zero)
1√
g
L(ϕa, Bαµ ) = ekDµϕaDµϕ¯a −
d
16
[
ϕaϕb
(
F bµνF
µν
a − iF˜ µνa F bµν
)
+ h.c.
]
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−1
4
F αµνF
µν
α −
eα
4
[
ϕa
(
F αµνF
µν
a − iF˜ µνa F αµν
)
+ h.c.
]
+
i
2
λ¯α 6Dλα + iek (χ¯aL 6DχaL + χ¯aR 6DχaR)
−V − eα
[
iλ¯αR
(
1
2x
Da + 1
4
σµνF
µν
a
)
χaL + h.c.
]
,
V = − 1
8x2
DaDb
[
d
(
ϕaϕb + ϕ¯aϕ¯b
)
− e2(ϕa + ϕ¯a)(ϕb + ϕ¯b)
]
. (B.6)
Following the procedure described in [19], we introduce off-diagonal con-
nections in the bosonic sector so as to cast the quantum Lagrangian in the
form
Lbose + Lgh = −1
2
ΦTZΦ
(
Dˆ2Φ +HΦ
)
Φ+
1
2
c¯Zgh
(
Dˆ2gh +Hgh
)
c,
DˆΦµ = Dµ + Vµ, (Vµ)Aρ,Bσ = −ǫρµσν
∂νyAB
2x
,
(Vµ)Aν,i = (Vµ)i,Aν =
[
(Vµ)ı¯,Aν
]∗
=
1
4
√
xAxB
fABi
(
FBµν − iF˜Bµν
)
=
e
4
(
Fbµν − iF˜bµν
)
, for i = ϕb, A = A0µ. (B.7)
This introduces corresponding shifts in the background field-dependent “squared
mass” matrices:
M2Φ → HΦ =M2Φ − VµV µ, M2gh → Hgh = M2gh − BµBµ. (B.8)
We have the following relations among derivatives of the kinetic function:
fa = Daf = e, f
a = 2xe, fsa = DsDaf =
e
2x
,
fs¯a = Ds¯fa = 0, R
a
ss¯bfaX
ss¯ = − e
4x2
Xss¯,
Dµe
2 = Dµ
(
f bαa f¯
a
bα
2x
)
=
1
2x
[
∂µs
(
Dsf
bα
a
)
f¯abα + h.c.
]
− e
2
2x2
∂µx = 0, (B.9)
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In evaluating the matrix elements needed for PV loop contributions, we
set background PV fields to zero and show explicitly only the terms involving
the parameters e and d. The remainder of this Appendix closely parallels
Appendix C of [4].
1. Matrix elements
The elements of HIJ , I, J = ϕ
a, are
HIJ = VˆIJ +RIJ +DIJ + vIJ − (VµV µ)IJ ,
vim¯ = vm¯i = (VµV
µ)im¯ = (VµV
µ)m¯i = 0,
(VµV
µ)ϕaϕb =
e2
8
(
F µνa F
b
µν ∓ iF˜ µνa F bµν
)
,
vϕaϕb = =
d
8
(
F µνa F
b
µν ∓ iF˜ µνa F bµν
)
, (B.10)
where
Dba =
e2
2x
DaDb + 1
x
Dc(T c)ba, Dab =
1
4x2
(
e2 − d
)
DaDb. (B.11)
The additional nonvanishing elements of ZΦHΦ are −Nαµ,βν and Sαµ,a with
Nαµ,βν = −x
2
eαeβ
(
F aµρF
ρ
aν −
1
4
gµνF
a
ρσF
ρσ
a
)
+ δαβrµν ,
S0αµ,a =
eα
4
DνFaνµ + eα
8x
F∓aνµ∂
ν
(
s
s¯
)
=
eα
4
[
DˆνFaνµ − 1
2x
F±aνµ∂
ν
(
s¯
s
)]
, a =
{
ϕa
ϕ¯a
,
DˆνFaνµ = DνFaνµ + ∂
νx
x
Faνµ +
∂νy
x
F˜aνµ. (B.12)
Finally we need
Gˆµν = (Gz +Gg +Ggz)µν ,(
Gzµν
)a
b
=
∂µs¯∂νs− ∂µs¯∂νs
4x2
δab ± iF cµν(Tc)ab , a, b =
{
ϕa,b
ϕ¯a,b
,
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(
Gzµν
)b
a
=
e2x
4
(
FaµρF
b ρ
ν ∓ iF˜aµρF b ρν
)
− (µ↔ ν), a, b =
{
ϕa, ϕ¯b
ϕ¯a, ϕb
,
(
Ggzµν
)
αρ,a
=
(
Ggzµν
)
a,αρ
=
eα
4
DµF∓aνρ +
eα
8x
∂µ
(
s
s¯
)
F∓aνρ − (µ↔ ν), a =
{
ϕa
ϕ¯a
,
(
Ggµν
)
αρ,βσ
= δαβrσρµν +
x
4
eαeβ
[
FaµρF
a
νσ + F˜aµρF˜
a
νσ − (µ↔ ν)
]
. (B.13)
The matrix elements of MΘ are given by
M00 = 0,
M0a = ma +M
µν
a σµν , M
a
0 =
1
2
e−k (ma −Mµνa σµν) ,
mϕa ≡ ma = ie
2x
Da = m∗ϕ¯a ≡ m¯∗a,
Mµνa = −
ie
8
(
F µνa ∓ iF˜ µνa
)
, a =
{
ϕa
ϕ¯a
, (B.14)
with covariant derivatives as defined in [3, 4]:
Dρma = Dρ (m¯a)∗ = −i ∂ρs¯
4x2
eDa + ie
2x
(
Kjm¯(Taz¯)
m¯Dρzj + h.c.
)
,
DρMµνa = −
(
DρM¯µνa
)∗
= −ie
8
(
Dρ + ∂ρs
2x
) (
F µνa − iF˜ µνa
)
. (B.15)
The matrix elements of GΘµν are (see Appendix D)
(
G±µν
)
00
= ±Γˆµν + Zµν , Γˆµν = Γµν − i
2
F aµνDa,
(
Gχµν
)a
b
=
(
Gzµν
)a
b
+ δab
(
Zµν ± Γˆµν
)
, a, b =
{
ϕa, ϕb
ϕ¯a, ϕ¯b
. (B.16)
As in [4], we double the quantum fermions degrees of freedom and repre-
sent them as 8-component Dirac spinors. In the following Tr denotes the full
trace of fermion mass and field strength (Gµν = [Dµ, Dν ]) which are 8n1×8n2
matrices, where ni is the number of intrinsic fermion degrees of freedom. The
explicit calculation given below is for just one nonvanishing eα : ni = NG(1)
for χa(λα).
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2. Chiral multiplet supertrace
Defining
1
2
STrH2χ = H
i
jH
j
i +HijH
ij − 1
8
Tr
(
HIJΘ H
Θ
IJ
)
, hχm¯i = (m¯m)m¯i, (B.17)
we have
1
8
Tr (Hχ1 )
2
= Tr h2χ +
e4
32
DaDbF aµνF µνb , (hχ)ba =
e2
4x
DaDb,
Hba = (h
χ)ba + δ
b
a
(
Vˆ +M2 −M2λ −
∂µs∂
µs¯
4x2
)
+
e2
4x
DaDb + 1
x
Dc(T c)ba,
Hab =
1
2
(
d− e2
)
Wab. (B.18)
Thus:
1
8
Tr (Hχ1 )
2
= Tr h2χ +
e4
16
[(
Wab +Wab
)
DaDb + 4D2
]
,
Tr (Hχ2 )
2 = 0,
1
8
TrHχ3 = O(NG),
1
8
Tr (Hχ3 )
2 =
1
2
Tr(TaT
b)F aµνF
µν
b +O(NG),
1
4
TrHχ3H
χ
1 = −T χ3 +
r
2
Tr hχ, (B.19)
where
Tr hχ =
e2
2
D,
T χ3 =
ie2
4
DµzjDν z¯m¯Kim¯DaF µνa +
ie2
4x2
DaF µνa ∂µs∂ν s¯
+
e2
4
DaDb
(
Wab +Wab
)
+ e2D2, (B.20)
and the chiral fermion contributions to the helicity-odd operator T− (see [4])
are
T χ = T χ3 + T
χ
4 + T
χ
r ,
T χr = −
e2
12
x
(
rµνF
νρ
a F
a
µρ −
1
4
rF µνa F
a
µν
)
,
T χ4 =
e4x2
384
[
(F aµνF
µν
b )
2 + (F aµνF˜
µν
b )
2
]
− e
4
32
DaDbF aµνF µνb . (B.21)
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Then we obtain
STrHχ = e
2D +O(NG),
1
2
STrH2χ = −T χ3 −
(
Wab +Wab
) [
Tr(T bT a) +
e4
16
DaDb
]
− e
2
4
rD
+
e4
2
D2 + 2e2
(
Vˆ +M2 −M2λ
)
D
− e
2
2x2
D∂µs¯∂µs+ (d− e2)2x2WabWab
+
ie2
2
(
∂µs∂ν s¯
x2
+DµzjDν z¯m¯Kjm¯
)
DaF µνa
+
e2
2
DaDb
(
Wab +Wab
)
+ 2e2D2 +O(NG). (B.22)
Finally we have (
Gzµν
)ϕ¯b
ϕa
(
Gzµν
)ϕa
ϕ¯b
= 0, (B.23)
so
1
12
STrGˆχµνGˆ
µν
χ = −T χr +
e2x
24
(
rµνF
a
µρF
νρ
a −
r
4
F aµνF
µν
a
)
+
e4
384
[(
F aµνF
µν
b
)2
+
(
F aµνF˜
µν
b
)2]
+O(NG). (B.24)
3. Mixed chiral-gauge supertrace
For the bose sector we have HχgΦ = −S, and, using (B.17) of [4],
TrS2 =
e2x
4
(
DˆνF µνa
)2
+
e2
16x
F+νµa F
−a
ρµ ∂
ρs∂ν s¯− e
2
8
(
F−aνµ ∂
νs+ h.c.
)
DˆρF ρµa
=
e2
4x
[
g−
1
2Lµa − iKim¯
(
Dµz¯m¯(Taz)i −Dµzi(Taz¯)m¯
)]2
+
e2
16x
F+νµa F
−a
ρµ ∂
ρs∂ν s¯
− e
2
8x
(
F−aνµ ∂
νs + h.c.
) [
g−
1
2Lµa − i
(
Kim¯Dµz¯m¯(Taz)i − h.c.
)]
. (B.25)
To evaluate the fermion matrix elements we use Eqs. (3.36) and (C.24-27)
of [4]:
1
8
Tr (Hχg1 )
2
= 0,
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−1
8
Tr (Hχg2 )
2
= 2 (Dµm¯)a0 (Dµm)0a − 8
(
DµM¯µν
)a
0
(DρMρν)0a , (B.26)
with
8
(
DµM¯µν
)a
0
(DρMρν)0a =
1
2
TrS2,
2 (Dµm¯)a0 (Dµm)0a =
e2
4x2
(∂µx∂
µx+ ∂µy∂
µy)D
+
e2
2x
{
Kin¯Kjm¯Dµzj(Taz¯)m¯
[
(T az)iDµz¯n¯ + (T az¯)n¯Dµzi
]
+ h.c.
}
− e
2
2x2
∂µxDaKjm¯
[
(Taz)
jDµz¯m¯ + (Taz¯)m¯Dµzj
]
, (B.27)
and
T χg = tχg3 = −
16
3
(
DσM¯σµ
)a
0
(DρMρµ)0a = −
1
3
TrS2. (B.28)
In addition we have
Tr
(
GˆχgΦ
)2
= 4
(
Ggzµν
)
0ρ,a
(
Ggzµν
)a,0ρ
=
1
2
Tr
(
GˆχgΘ
)2
= 64
(
DµM¯νρ
)a
0
(DµMνρ −DνMµρ)0a = −4TrS2. (B.29)
Using the classical equations of motion (B.17) of [4], we obtain,
Lχg =
1
2
STrH2χg + Tχg +
1
12
STrGˆ2χg
= −2e
2
√
g
∆DL − e
2
2gx
LaµLaµ + e
2
2x
√
g
(
F aνµ∂
νx+ F˜ aνµ∂
νy
)
Lµa
+
e2
x
√
g
[
iLaµ
(
Kim¯Dµz¯m¯(Taz)i − h.c.
)
+Da(Taz)ILI
]
+2e2D
(
2M2 + 2M2λ + 2Re(MM¯λ) + Vˆ
)
+
5e2
4x2
D∂µs∂µs¯− e
2
8x
(
F νµ − iF˜ νµ
) (
Fρµ + iF˜ρµ
)
∂νs∂
ρs¯
− e
2
2x2
[
(∂µx+ 2i∂µy)Kjm¯(Taz)
jDµz¯m¯ + h.c.
]
Da
−ie
2
2x
(
F aνµ∂
νx+ F˜ aνµ∂
νy
) [
Kjm¯(Taz)
jDµz¯m¯ − h.c.
]
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= −2e
2
√
g
∆DL − e
2
2gx
LaµLaµ + e
2
2x
√
g
(
F aνµ∂
νx+ F˜ aνµ∂
νy − ∂
µy
x
Da
)
Lµa
+
e2
x
√
g
[
iLaµ
(
Kim¯Dµz¯m¯(Taz)i − h.c.
)
+Da(Taz)ILI
]
+2e2D
(
2M2 + 2M2λ + 2Re(MM¯λ) + Vˆ
)
+
e2
x2
∂µx∂νyF aµνDa
+
5e2
4x2
D∂µs∂µs¯− e
2
8x
(
F νµ − iF˜ νµ
) (
Fρµ + iF˜ρµ
)
∂νs∂
ρs¯
− e
2
2x2
[(
ixF−aνµ ∂
νs+ ∂µsDa
)
Kjm¯(Taz)
jDµz¯m¯ + h.c.
]
, (B.30)
where in the last expression (C.76) of [4] was used with (B.9) above.
4. Yang-Mills supertrace
For the bosonic contributions, we have HgΦ = −N ; we write Nαβ = N ′αβ +
δαβn, and evaluate here only N
′
αβ → N00.
TrN = N ′Gn,
TrN2 = N ′Gn
2 − e2x
(
rµνF
a
µρF
νρ
a −
1
4
rF aµνF
µν
a
)
+
x2e4
16
[(
F aµνF
µν
b
)2
+
(
F aµνF˜
µν
b
)2]
, (B.31)
and, writing
(
Gˆgµν
)α
β
=
(
Gˆ′µν
)α
β
+ gˆµνδ
α
β ,
Tr
(
GˆgΦ
)2
= N ′Ggˆ
2 +
xe2
2
(
4rνµF
µρ
a F
a
νρ − rµνF aµρF νρa
)
−x
2e4
8
[(
F aµνF
µν
b
)2
+
(
F aµνF˜
µν
b
)2]
, (B.32)
where we dropped total derivatives and used (B.12–B.14) of [4], as well as
the Yang-Mills Bianchi identity. For the fermions we obtain:
1
8
TrHg1 =
N ′G
4
Trh1 +
e2
2
D,
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18
Tr (Hg1 )
2
=
e4
4
D2 + e
4
32
F aµνF
µν
b DaDb,
−1
8
Tr (Hg2 )
2
= 0,
1
8
TrHg3 =
N ′G
4
r,
1
8
Tr (Hg3 )
2
=
N ′G
4
Trh23,
1
4
Tr (H1H3)
g =
N ′G
2
Tr (h1h3)
g +
e2
4
rD − ie
2
4
DµzjDν z¯m¯Kim¯DaF µνa
−e
2
4
DaDb
(
Wab +Wab
)
− e2D2,
1
2
TrGˆ2g = N
′
GTrgˆ
2 + xe2
(
rµνF
a
µρF
νρ
a −
r
4
F aµνF
µν
a
)
−x
2e4
16
[(
F aµνF
µν
b
)2
+
(
F aµνF˜
µν
b
)2]
. (B.33)
The nonvanishing contributions to T g = T g3 + T
g
4 + T
g
r are:
T g3 =
ie2
4
DµzjDν z¯m¯Kim¯DaF µνa
+
e2
4
DaDb
(
Wab +Wab
)
+ e2D2 +N ′Gt3,
T g4 = T
χ
4 , T
g
r = T
χ
r . (B.34)
For the supertraces we obtain [using (B.17–20) of [4]]
STrHg = N ′GSTrh
g − e2D,
1
2
STrH2g =
1
2
N ′GSTrh
2
g +
e4
2
[
x2WabWab + 3
8
DaDb
(
Wab +Wab
)]
−T g3 −
xe2
2
(
rµνF
a
µρF
νρ
a −
1
4
rF aµνF
µν
a
)
− e
2
4
rD
+
ie2
2
Kjm¯DµzjDν z¯m¯DaF µνa +
e2
2
DaDb
(
Wab +Wab
)
+ 2e2D2,
1
12
STrGˆ2g =
1
12
N ′GSTrgˆ
2 − 1
12
STrGˆ2χ − T g4 − T χ4 − T gr − T χr
−e
4
8
[
4D2 +DaDb
(
Wab +Wab
)]
. (B.35)
The space-time curvature dependent terms in the supertraces evaluated
above give a contribution Lr of the form (2.23) of [3] with
Hµν = H
g
µν −
ln Λ2
32π2
e2x
(
F aµρF
ρ
aν −
1
4
gµνxF
a
ρσF
ρσ
a
)
,
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ǫ0 = ǫ
g
0 −
ln Λ2
32π2
e2D,
α = αg, β = βg. (B.36)
The metric redefinition in (2.24–25) of [3] gives a correction
∆rL = lnΛ
2
32π2
∆rL,
∆rL = ∆rgL+ e2
(
DµziDµz¯m¯Kim¯ − 2V
)
D
+e2x
(
F aρµF
ρν
a DνziDµz¯m¯Kim¯ −
1
4
F aρσF
ρσ
a DµziDµz¯m¯Kim¯
)
−2e2
[
x2WabWab + 1
2
(
Wab +Wab
)
DaDb +D2
]
. (B.37)
The result for constant x, given in (2.35) of section 2, is obtained by
setting Mλ = 0, y = 0, s = x = g
−2 constant in the above equations. In
section 2 the fields ϕˆaα are taken to be canonically normalized. Combining the
above results and evaluating L1−Lr+∆rL−∆KL−∆xL−LAXA−LALBXAB
yields the results given in (2.35), with ϕa →√2xϕˆaα and
e2 → ∑
βγ
ηϕˆγ e
2
γβ ≡ 2e, e4 →
∑
αβγδ
ηϕˆγ e
β
αe
γ
βe
δ
γe
α
δ ≡ 4e2,
(d− e)2 → ∑
βγ
ηϕˆγ
(
dγβ −
∑
α
eγαeαβ
)2
≡ (d− 2e)2. (B.38)
C. Lagrangian with a vector potential superfield
In this appendix we follow the notation of [7]: Greek letters are used for two-
component spinorial indices, Roman letters for tangent space and coordinate
indices, and the metric is (−+++), i.e. the negative of the one used elsewhere
in the text. We include the chiral fields Xx = {X i, Za}, where the X i are
PV regulator fields charged only under an anomalous U(1)X , and Z
a are the
physical, light fields of the effective low energy theory.
Defining, in analogy with the chiral superfield Xα = −18
(
D¯2 − 8R
)
DαK
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introduced in [7],
X ′α = −
1
8
(
D¯2 − 8R
)
Dα
(
kie2qiVX
)
, xα = −1
8
(
D¯2 − 8R
)
Dαki, (C.1)
the PV Lagrangian gets contributions (in WZ gauge)
LiPV ∋ −
1
4
DαX ′α
∣∣∣∣+ i2 ψ¯mσ¯mX ′
∣∣∣∣+ h.c. = − 14Dαxα
∣∣∣∣+ i2 ψ¯mσ¯mx
∣∣∣∣
+
1
2
kiqiψ¯mσ¯
mλX − i
√
2
2
ψ¯mσ¯
nσmχ¯x¯kix¯am −
1
2
q2i k
iama
m + iqiamDmzxkix
+
1
2
qik
iDX + qi
√
2χxλXk
i
x +
1
2
qiamk
i
xy¯χ¯
y¯σmχx + h.c.
= − 1
4
Dαxα
∣∣∣∣+ i2ψ¯mσ¯mx
∣∣∣∣+ 12diψ¯mσ¯mλX − i
√
2
2
ψ¯mσ¯
nσmχ¯x¯K ′ix¯(TXx)
iam
−1
2
(TXx)
i(TX x¯)
ı¯K ′i¯ıama
m + iamDmzx(TX x¯)ı¯K ′xı¯ +
1
2
diDX
+
√
2χxλX(TX x¯)
ı¯K ′xı¯ +
1
2
qiamk
i
xy¯χ¯
y¯σmχx + h.c., (C.2)
where K ′ = K + ki and the last equality follows because
qik
i = (TXx)
iK ′i = d
i, qik
i
x¯ = (TXz)
iK ′ix¯, q
2
i k
i = (TXx)
i(TX x¯)
ı¯K ′i¯ı.
(C.3)
The first two terms are the contributions to D˜M of [7] quadratic inX i without
the gauge connections for X i, and
kii =
∂ki
xi
, kia =
∂ki
za
, etc., xi = X i
∣∣∣ , a 6= i, x, y = i, a. (C.4)
The remaining terms covariantize ∂mx
i and give the correct ψ, λX , DX terms.
All fermion derivatives include the Ka¨hler U(1) connection that has a piece:
Aa| ∋ 1
16
σ¯β˙α
[
Dα,Dβ˙
] (
kie2qiVX
)∣∣∣ = 1
16
σ¯β˙α
[
Dα,Dβ˙
]
ki
∣∣∣+ i
2
qik
iva
∋ 1
4
K ′i (∂a + iqiaa) x
i − h.c.. (C.5)
In other words Aa includes the gauge connection for U(1)X . The fully co-
variant derivative for the fermions contains the additional gauge connection
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terms:
Dmχ
x ∋ iam
[
(TXχ)
x + (TXz)
y Γ′xyzχ
z
]
,
Dmχ
i
X ∋ iamqi
(
χiX + x
iΓ′iiaχ
a
)
+O(X3) = iamqi
(
χiX +
kiaı¯
kii¯ı
χa
)
+O(X3)
Dmχ
a ∋ iamqixiΓ′aibχb +O(X4) = iamqiKab¯
(
kib¯b −
kib¯ik
i
bı¯
kiı¯i
)
χb +O(X4), (C.6)
where we used the fact that
K ′aı¯ = −Kab¯k
i
b¯i
kiı¯i
+O(X3), (C.7)
So the fully covariant kinetic energy term contains the terms:
− i
2
(Dmχ
x)χy¯K ′xy¯ + h.c. ∋ qiamkixy¯χ¯y¯σmχx + h.c. +O(X4), (C.8)
which is just the last term in (C.2). Thus we get the standard form of the
tree Lagrangian, and loop corrections from X i are also of standard form.
Converting to the notation used previously (e.g., ama
m → −AµAµ), we ob-
tain the results (4.9,4.13,4.15) given in section 4, where we used the classical
equation of motion DX = −g2dX . The right hand side of (4.13) is given by
the RHS of (C.2) with fermion fields set to zero and ki → µ2 = constant.
D. Errata
Here we list corrections to [3, 4].
1. The term +18 (gµρrνσ + gνρrµσ + gµσrνρ + gνσrµρ) is missing from the ex-
pression for Xµν,ρσ in (2.22) and (B3) of [3]. As a consequence (B6) should
read
TrX = −20V +2r, TrX2 = 40V 2−24rV +22rµνrµν−2r2+total derivative,
the following replacements should be made in (B20):
N + 1
12
r2 → N − 7
12
r2, −5V r→ −13V r, rµνrµν → 8rµνrµν ,
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the first three equations in (B22) should read:
α = −2lnΛ
2
32π2
, β =
N + 89
6
lnΛ2
32π2
,
ǫ0 = − ln Λ
2
32π2
{
e−K
(
AijA¯
ij − 2
3
RijAiA¯
j
)
+
2N + 68
3
Vˆ +
2N + 16
3
M2ψ
}
,
and (B23) (as well as footnote 23 of [4]) should read:
1√
g
∆rL = lnΛ
2
32π2
[{
−2e−K
(
AkiA¯
ik − 2
3
RknAkA¯
n
)
− 3N + 95
3
Vˆ − 4N + 32
3
M2ψ
}
Vˆ
+
[
Kim¯
{
N + 55
3
Vˆ + e−K
(
AkiA¯
ik − 2
3
RknAkA¯
n
)
+
2N + 16
3
M2ψ
}
+
4
3
Rim¯Vˆ
]
DρziDρz¯m¯
−
{
2
3
(Rim¯ + 16Kim¯)DρziDρz¯m¯gµν − N + 113
6
(
DµziDν z¯m¯ +DνziDµz¯m¯
)
Kim¯
}
DµzjDµz¯n¯Kin¯
]
.
In addition, in Eq. (C.55) of [4], the replacements
xF aµνF
µν
a r → 5xF aµνFµνa r, +2rµνxF aµρF νρa → −12rµνxF aµρF νρa ,
should be made in the expression for TrX2, and the replacements
−3x
4
rF aµνF
µν
a → +
5x
4
rF aµνF
µν
a , +2r
µ
νxF
a
µρF
νρ
a → −5rµνxF aµρF νρa , −5rD → −13rD,
should be made in the second equation of (C.62).
2. In (3.33) the expression for T3 is missing a term:
T3 → T3 − i
3p2
rµνTr
(
M˜µρM¯
νρ − ˜¯MµρMνρ
)
,
the last line of TrRR5 in (3.35) has the wrong sign, and the last term in
the second line of the RHS of (3.36) should be multiplied by −2/3. As a
consequence, 18 → − 112 in Tχ3 , (C.35), and in T g3 , (C.59); 78 → 1312 in the
fourth line of (C.62). In addition 14 → 16 in the second line of STrGˆ2g+G in
(C.62). Including these and the above corrections, the first two equations of
(C.63) should read:
Hµν = H
0
µν +H
g
µν − x
(
10 + 2x2ρiρ
i
) ln Λ2
32π2
(
F aµρF
ρ
aν −
1
4
gµνF
a
ρσF
ρσ
a
)
,
ǫ0 = (ǫ0)0 + ǫ
g
0 −
ln Λ2
32π2
{
70
3
D + 2x2ρiρiD + 2
3x
DaDi(T az)i
}
,
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and (C.64) should read:
∆rL = (∆rL)0 +∆rgL+
lnΛ2
32π2
{
N − 99
3
D2 − 2N + 194
3
DVˆ − 4N + 32
3
DM2ψ
+
(
DµziDµz¯m¯Kim¯ − 2V
) [
2x2ρiρ
iD + 2
3x
DaDi(T az)i
]
−2De−K
(
AijA¯
ij − 2
3
RijAiA¯
j
)
+
1
3
DDµziDµz¯m¯ [4Rim¯ − (N − 57)Kim¯]
+
(
N + 29
6
− 2x2ρiρi
)[
2x2WabWab +
(
Wab +Wab
)
DaDb + 2D2
]
+
(
N + 71
3
− 2x2ρiρi
)
x
4
F aρσF
ρσ
a DµziDµz¯m¯Kim¯
−
(
N + 71
3
− 2x2ρiρi
)
xF aρµF
ρν
a DνziDµz¯m¯Kim¯
}
.
3. The sign of the last term in the expression for D2+HGh in (2.12) of [3] and
in (C.14) of [4] is incorrect. As a consequence, −18ΓµνΓµν in footnote 22
of [4] and −6ΓµνΓµν in (B18) of [3] should both be replaced by −2ΓµνΓµν
in (C.61).
4. In the expressions for [Dµ,Dν ] for fermions, Γµν → Γµν− i2F aµνDa. As a con-
sequence of this and the above item, the coefficient −24 should be replaced
by +2 in TrH2Gh, Eq. (C.61) of [4], and the coefficient of DaDbF aµνFµνb should
be 12 instead of 2 in the same equation. In addition the final results (4.6-8)
and (5.2) of [4] are modified by the addition of the terms
−1
3
(N + 7 +NG)
[
iDaFµνa DµziKim¯Dν z¯m¯ +
1
2
DaDb
(
Wab +Wab
)
+ 2D2
]
+
2
3
[
iDaFµνa DµziRim¯Dν z¯m¯ +Di(Taz)i
{
Db
(
Wab +Wab
)
+
2
x
DDa
}]
from contributions proportional to [Dµ,Dν ]
2 from fermion loops and 16TrG
2
Gh,
the term
+2x2ρjρj
[
DaDb
(
Wab +Wab
)
+ 4D2
]
from −14TrHχ1Hχ3 + tχ − 14TrHg1Hg3 + Tg, Eqs. (C.34,35,59) of [3], and an
additional term
−2
[
DaDb
(
Wab +Wab
)
+ 4D2
]
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from −14TrHg1Hg3 . In addition the contribution of Rµν was neglected in the
calculation of 2tχ; this gives an additional contribution
−2iDµzk
[
xDν z¯m¯ρm¯jk + ρjk (∂νx− i∂νy)
] [
xρjDaFµνa + 2(Taz)j
(
Fµνa − iF˜µνa
)]
+2ρjρj∂µx∂νyDaFµνa + h.c.,
which does not contribute to (2.22), and only the last term contributes when
the string dilaton is present.
5. The coefficient of DµziDν z¯m¯Kim¯Rjn¯
(DµzjDν z¯n¯ −DνzjDµz¯n¯) in footnotes
6, 13 and 21 and the coefficient of
1
3
DµziDν z¯m¯Kim¯
∑
α
(Nα + 1)K
α
jn¯
(
DµzjDν z¯n¯ −DνzjDµz¯n¯
)
in footnote 8 of [4] should be multiplied by −2.
6. The last term in brackets in the expression for Tr(Hχ3 )
2 in (C.33) of [4]
should be multiplied by 12 , and the last term in (C.38) should be multiplied
by −2, with corresponding changes in (C.36) and the final results.
7. There are errors in the coefficients of the the expressions following −Tχg4
in the second equality for 18Tr (H
χg
1 )
2
, Eq. (C.41), and in similar terms in
the other traces. For the canonical gauge kinetic energy case considered
here the corrections to amount to the changes: −2DVˆ − 6DM2 in (C.41),
−28DM2 in the expressions for 12STrH2χ, Eq.(C.36), +8DM2 and −8DM2 in
1
8Tr
(
HχG1
)2
, and 12STr
(
HχG1
)2
, respectively, Eqs. (C.50,51), and +4DM2
in 18Tr
(
Hg+G1
)2
, Eq.(C.58).
8. The following are misprints in [4]:
The second line of (B.20) should be multiplied by x−1.
Tr
(
GˆχgΘ
)2
should be multiplied by 12 in the first line of (C.46); the sign of
the last term in footnote 23 is incorrect.
The terms quartic in the field strength in (C.52–58) should be multiplied by
x2.
(N + 5)/r2 → 5/r2 in (C.58).
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The terms M2λ(∂µy∂
µy/x2) in (C.67,70) should be multiplied by 4.
M2ψ → M4ψ in the second line of (C.71), and there should be a + sign in
front of the third from last line.
In addition, a factor Dµz¯m¯Dµzi is missing from the coefficient of
2Kim¯
(
Vˆ + 2M2ψ
)
in the expression for 14Tr|DµMθ|2 in (B12) of [3].
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